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Abstract:
Opening a series of talks on recent work on the superintegrable chiral Potts
model, we shall here first briefly review the earlier work, starting with the
discovery in 1986 of the first solution of the star-triangle (Yang-Baxter) equation
parametrized by a higher genus curve together with a discusssion of the Onsager
algebra associated with the superintegrable subcase.

There are two ways to represent the transfer matrix, using either spin
variables or bond variables. We shall use the latter approach and construct
eigenvectors in a way that resembles the old Ising model work of Onsager and
Kaufman, rather than using Bethe Ansatz methods. We shall also outline a
strategy to calculate the pair correlation in the general integrable chiral Potts
model using only the superintegrable eigenvectors.
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In our first lecture we introduced the L(sl2) loop algebra

b, = [/, %) Xei = Fhlh,xEl, Lmez]

to describe the Q = 0 ground state sector of the superintegrable chiral Potts
model. We also defined

+\n
(xE) = (i) forn >0
m n' I =
(xE)™ =, for n < 0.

These were given in terms of the following operators on horizontal bond states:

Zn) =w"|n), X|n)=[n+1), [N)=]0),

fln) =[n+1[n+1), eln)=[n]n-1),

1—-wn
= N—-1)= =
=" fIN-1)=el0) =0,
where n =0,..., N — 1. More precisely, we have L copies of these, Z,,, f,,, €m,

(m=1,...,L).



In terms of these we gave the very explicit fundamental formulae:
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where the summations are over the L variables v,,, form=1,---



Finally we introduced the Drinfeld polynomial. For @ = 0 we found

T

N w”t 17

j=1
for the ground state sector and r = (N —1)L/N if L a multiple of N. Using the
zeroes, we also formed the polynomials

L) =] —2 —Zﬁ]nz Fi(z0) = b

bk T
This gave the following decomposition a la Onsager and Davies

T ks
F _ —n pt — -n
X, ==+ E 2 E-. h, = E zo ' H,,,
m=1 m=1

with the inverse relations

izﬂmnm n+€7 Zﬁmn n+€7 mzl,...,r,




where m* is the index for which z,,« = 1/z,,. It is easy to show
[E;:i_w E’I’_L] = 6m,nHm7 [Hmv Ei] :t25m n m’
and all other commutators zero: We have r independent s[(2)’s

We introduce the “ferromagnetic state” [©2) = [{n; =0}) with all spins equal
and the “antiferromagnetic state” |Q) = [{n; =N —1}). We can show

H,|Q) =-]Q), (E)?Q =0 foralm=1,...,7n
Following Onsager we can then define the 2" states
(&, &, 6) = [] ELIQ), & =41,
meJy
where J,, is any subset of {1,2,---,r}, |J,| = n, and

& =1, for j € J,,
& =—1, forj ¢ J,,

and see tht they form a basis for the ground state sector of the superintegrable
T matrix and the superintegrable chiral Potts model.



From the commutation relations,

Ef E] =9, ,H

m,n=--m?

[Hm7Er:H =£24 E; [E;,E:] - [E;mE;} =0,

m,n-—m>

we find
H,E/ Q) = —(-1)’""Ef|Q).

The ground state sector is then given by the basis

\Ij(gl,f%"':fr) = H E;|Q>’ § =41,

meJy,

where J,, = (j1,-- -, jn) is any subset of (1,2,---,7) forn=0,---,r, with {; =1
for j € J,, and &; = —1 for j ¢ J,,. Equivalently,

Hj\Il(é-l?gQ, e ,g'r‘) - gj\I/(§17527 T 757’)'

Particularly, for n = 0 and n = r, we have

Q) =0(-1,-1,---,-1), Q) =w(1,1,---,1).



Because §; = *£1, it is easy to see that H? = 1 in this restricted eigenspace.
Since E; [©2) = 0, and H;[Q2) = —[Q), we find

E; V(& &, 6) =E; [ ELIQ)

meJn

— \Ij(é-l?"'v j713_§j7§j+17”'7§1”> lf] S Jn7
0 it ¢ J,.

Likewise, using (Ej)2|Q> = 0 we obtain

Ef V(6,6 . 6)=Ef [ EfLlQ

meJy,
{o if j € Jn,
W, 85-1, 85,841,005 &) it i ¢ T

We thus get the usual spin—% relations.



Eigenvectors of the superintegrable chiral Potts transfer matrix

Following Baxter, we write

L L
T — N3L (g — Yp) Tl 7 — N3L (g — xp) 7 ).
q ? (l’év — y{,\’)L (Zq,Yq), q ? (T(JI\/ — x}])V)L (24, Yq)

taking out “trivial factors.”



We need to solve the eigenvalue problem
To(z4:Yg) %) = G(Ag) I¥), %(xquq) V) = G(Ag) %)

From Baxter’s work (or the spin—% structure) we know that for the sector studied

T

g0 =1 (4 £ B;)

j=1

where

Aj = pcoshf,(1— )\;1), Bj = psinh6,(1 + )\,;1),
=1 24N ' v a2y A
2cosh20;, = k' + k' — Kkt z; /K, p" =N=2(K'/k%)=".

Thus we need rotations R and S, such that |x) = R[Q), |y) = S|f2), and

To(wq,yg) =S [[ (A —H;B) R™Y, To(wg,yg) = R[] (4, —H;B;) S|,

Jj=1 Jj=1

or, before the rotations,



To(wg, Yq) H X, —HY, + (B +B;)Z,),
o
To(wgrua) = [ [X) - B, + B + E)Z)].
j=1
After some tedious calculations we found

(QEnTo(q,90) |9 Zm 2 -y
<Q| %(xmyq) |Q> _ X —Yn _ J"IJ)V - yé\fz;Ll
(Q EmTo(2q: yq) 1) Zm AR A

and similarly for jf)(mq, yq). We find a solution of the form

R=[[R;, s=]Is; R;=(sM"
j=1 =1

with



Sj = 5(s11 +522) 1+ §(s511 — s22)H; + s12E + 501 E7,

with
Mase?i + nose=0 miz2e% + njge%
S22 = . S12 = ) - 522
2 sinh 2(9j ’ mggegj + 77/226_93 ’
e—20j _ k/ eer _ k/
S$o1 = o, S11 = 5V,
2519 sinh 20; ’ 2599 sinh 20; ’
and
= —&k'\ = = —& k') =€ 1—FKz\
miy ==&k Ay /25, maz=mor = —€K'A,, ma2 =¢€(2 — 1 —k'zA),
- —1 / — 1/
nllzej(zj )\p—)\p+k), n12:n21:’n22:6]‘k,
2= !
7 = 1/ .—1
Kz —1)Ap



To give some details: We rewrite the transfer matrices in terms of the edge
variables {n;} and {n}} with n, = 0; — 0,41 as

(i} T (w0 o) i) = LZMQ“H[ — ) )y, — )"

j=1

X Wg(a — N, + NNWyg(a NJ+1+N;)], N=Ynm=01-0

0<j

where a = o — o}, and

W) = (12) T] L8 W = (M) ] 22

Hq 1Y — Tqw? Hp i=1 Yq — Tpw?

Cancelling out the common factors in the weights,



N-1

{niHTo(zq, yq){ni}) = N—zL Z W@

a=0
N1+ Nj ) —N, !
(yp o xN)wa .t (Up)nj J Yq — xpw€+a N, 1-',-NJ
x H =) 11
a—N +N/ l+a—N +N’

=1l Yp — mqwT it Ha’ (21 yp — Tqw it
It is easy to see that for the two ground states,
Q) < n;=N;=0 or [Q) < n=N-1, N;=(i—1)(N-1),
the above expression simplifies to
. Cou L a+N y o IN)
(i T (g, 1)) = N3 Z e
j=1

and
N—-1 L o a+j+Nj (N _ N
. O\ — N—3L —Qa Hp N=lw (yq l‘p)
(Tl y)I0) = N2 3 () i

where also ny + -+ +ny = 0(mod N), as is required by the periodic boundary
conditions.



We have used Hévzl(y —aw') = yN — 2N, Particularly, when n; = 0, we find
N; =0 and

QT (24, yq)I12) = NI_ELZJ;N(xq/yp)QPQ(xq/yp)a
while for n; = N — 1, we substitute N; = (j — 1)(N — 1) to obtain
_ o B .
(QTq (g y) 19 = N'73E0q 0™ HEFDR (Y — 2l
Similarly we find

<Q|TQ(xqa yq)|Q> = Nl_%LWQ(prq/Mq)TN(xp/yq)QPQ(xp/yq)
and
(AT (g, ya)|2) = N1~ 6,00 D2 () — )"
Since L is a multiple of IV, the right-hand-sides of the 2nd and 4th equations
are equal, meaning

To(2q,Yq) = H[Xj —-H,;Y, + (E;L + E;)Zj]’

J=1

with equality of the coefficients of E;L and E; .



Using methods described by Deguchi, we can derive by induction

(%o )(n 1) n)|Q ZAn 7% 7 1€,

(x))" YV (xHM Q) = ZA,L X419,

n

(9 (xg)™( = A (O]
j=1

n

QU™ e D = D7 Ay Qx5
j=1
which we can invert using

Z Am—nSn — 5777,,07 with SO - 17 A0 - 17 Sn - Z Zi_n/Bi,Oa
n=0 -
for 1-r <n <r—1, giving



Sj—n(xg) " (x;) ™M),

M-

x5 ) =

n=1

X/ 1Q) =3 8 (x) ™ (xd) ™M),
1

n=

|

J

(Qx 1fZSJ w92 ()™ () 7Y,

le ZSJ 2(Qf(x ( (—)i—)(n—l)’

where the more complicated looking right-hand sides are in fact more easy to
handle.

Next, after obvious substitutions we arrive at



(QUE;, = B0 > 200 () O ),

{=1

E.|Q) ——ﬁmosz Lx) D (x5O0,

ﬂmoZ ) () O1),

{=1

Using




we obtain

GO = S w2,

{0<n;<N-1}
ny+4-Anp=tN

DM =D Y H{N = 1-ng}),

{0<n;<N-1}
ny4-dnp=¢N

@Y= W (),

{0<n;<N-1}
ny+4-Anp=tN

Q)= Y (AN =1-n},

{0<n;<N-1}
ny4eAnp=LN

and



where

(x) @ (x) V1) =

>

{0<n;<N-1}
nyt-dnp=N

>

{0<n;<N-1}
i+ dnp=N

)OI =~ 3

(9 () ) =

{0<n;<N-

w29 Ky ({1 g 1),
({n]—}\wzi mn Kenv({ny}),

Ken({n; DN = 1 —n;}),
1}

ny+o4np=N

(967) D o) O = —

>

{0<n;<N—

{N =1 =n}|Kin({n;}),
1}

ny+--4np=N



LT I ;] j—1
o n. . n’' N _
Kn(mp) = > LM e Ny=Yn,
{osnf<n-1} j=1 L J =1
n’1+---+n/L:m
2N L
_ o mn.: n. n/N N —
Ennh) = >, L) 7 e Ny= 3 e,
(o’ <n-1} j=1 L J ] =541
n’1+«~+n/L:m

for integers m < (N —1)L. The generating function of K,,({n;}) for >~ n; = kN

18
(N—=1)L—kN L

N
g({n;},t) = Z Ky ({n; ™ = a _1tN)k ]1;[1 11— tf}Nj '




We define the following polynomials for ny +---4+ny = NV,

mqg—1 L

Ou 1—¢N
Gol{n}2) = Y Koren({ni})2* Zw © Hil_twawv
=0
and
mg—1

Galtn}2) = 32 Kourn(in:* Z —Q“H e

where z = t"V. Here the right-hand equalities are proved using the generating
functions ¢ (and g which is similarly defined).

We then have



QE; = Bumo S {niHw ™ G({n;}, 2m),

{0<n;<N-1}
ny+-+np =N

(QEL = —Bnozm Y UN=1-n}[G({n;},2m),

{0<n;<N-1}
ny+-+np=N

BIQ) = froze > w 207G ({ng) ) {n)),
{0<n; <N -1}
ny+-+np=N

E ) =580 Y. Gni}z){N—1-n}).

{0<n;<N-1}
nyt-dng =N

With these results we have enough machinery to determine the coefficients Xj,
Y;, and Z; in the transfer matrices

%(xqayq) = H[Xj - Hij + (Ej_ +EJ'_)ZJ]'

j=1



Since
(QUELEL|Q) = bk,
we conclude that

Brm.08k,0%k Z G({n;}, zm)G({n;}, 26) = —Omk -

{0<n;<N-1}
ni4-4np=N

Next, we introduce the polynomials

hy(2) > GUni}t )G}, 2),

{0<n;<N-1}
ni4-Anp=N

Riz)= Y Glin}.2)GHns} ).

{0<n;<N-1}
ny4-dnp =N

With the degree of polynomial G({n;},z), the degree of hy(z) is also r — 1.
From the above orthogonality we know its r — 1 roots. Hence,

Ni(2) = = fio(2)/ 2800 = Bro [ [ (= = 20) = M=),

04k



Using what we have so far:
_ 1
(QUELTo(24,99)|2) = =y (1= [y )N'728 T (@) /9y = 20).
0#m

<Q|E;%(xq,yq)|f_2> = _Zm(/‘pxp/ﬂq)rN(l - Nl 2 H Z);
l#m

(TG (24, y)|Q) = N1 7565 g™ LEFD/2(y NV g Ny
(QTo (x4, yg)|Q) = N1~ 355 gt EHD/2(yN Ny,

and similar relations for 7o (z,, y,)-

These give enough equation to determine the “Onsager rotations” leading
to what we gave before, solving the () = 0 ground state sector.

The identities for polynomials and generating functions based on roots of
Drinfeld polynomials can be generalized to @ # 0 cases, to twisted boundary
conditions, and to N not a multiple of L. Part of that is done in our third paper.



Quantum loop subalgebra for Q+#0

We must recall the 75 transfer matrix for spin shift parameter Q:
TZ(tq)|Q =Alty) + WﬁQD(tq),

the monodromy operator

L
/A B,
Ut =St/ (& 1 )-
7=0
and the definitions
B,)" (Br)"
g _ BU" g _
! I [n]!
my _ (Co)" my _ (Cr_1)"
COO =T G T T

(with a limiting process ¢ = rw, r T 1 assumed if n > N).



For @ # 0 the special states |Q2) and |Q) have different eigenvalues:

7a(te)lo [2) = [(1 — wt) "+ w2 (1 - )] |Q),
Ta(ty)lQ 9) = w1 —wt) + (1 - 1)*] Q).
We find that

J
H C(mJNJrQ)B(nJNJrQ) |Q
j=1

(mJN+N QB(”JN+N Q)|Q>

H'E&

are eigenvectors in the same degenerate eigenspace as |(2), while

J
m]N-‘rN Céan+N_Q)‘Q>7 HB(l/ij+Q)C§JnjiV+Q)|Q>

u::g

j=1
are eigenvectors in the same degenerate eigenspace as [€).

For @) # 0, these two eigenspaces both have dimension 2"~!. However,
for Q = 0 they merge to one eigenspace of dimension 2.



Defining

w? QRN+
xT,=—— " _cl¥B ,
1,Q AQ(1 — w)N+2Q ot
Q
+ o (N+Q)R(Q)
xt o= “ B(@,
0.Q AQ(1 — w)N+2Q 0 !

we can construct the loop subalgebra generated by
h, o = [x50:%10);
X420 = %[hl,Q7X;+1,Q]a
XI-H,Q = _%[hl,Q’X:;Q]’
hn+1,Q = [XI7Q7X1_,Q]7
for 0 < n < oo, provided we can prove the Serre relations
%00 X1l Xroh*x1ol =0, X5 [%50: (X0 0 X0/l = 0.

For now, this is a conjecture backed up by some special cases proved
analytically or checked by Maple 12.



We can then introduce

r—1
— Q ot
E.q= Zﬁm nmQ¥ni1.@r Emq ==Y e nXh o)
n=0

H, ,=E ,.E, Zﬂm*n CR
n=0
form=1,. — 1, and with 89 , and z,, ., derived from the

Drinfeld polynormal for @ # 0 given before.

The 2"~ eigenvectors of the superintegrable chiral Potts transfer matrix
can then all be given, again in terms of rotation matrices R and S.

Similarly, another set of 27~1 eigenvectors can be constructed starting
with |©2), instead of |Q2).



Summary

The integrable chiral Potts model is a special parafermionic model. To
better understand this we need to evaluate correlation functions. From
Baxter’s Z-invariance, it is enough to do this for the superintegrable
subcase.

We have constructed 2" eigenvectors of the transfer matrix for @ = 0
starting from the 7 model and finding the loop group and the rotation
matrices to be used.

We have also constructed two sets of 2"~! eigenvectors of the transfer
matrix for all @ # 0.

Having the eigenvectors in the ground state sectors is a major step
towards a better understanding of the order parameters and correlation
functions. Helen Au-Yang will proceed from the results discussed here
and give a derivation of the order parameters that were conjectured in
1988 by Albertini, McCoy, Perk, and Tang, and first proved by Baxter
in 2005 using functional equations.
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