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History

I Simple formula for Mr conjectured in 1989 by Albertini et al.

I The corner transfer matrix technique fails for the chiral Potts
model because of the lack of the “rapidity difference”
property.

I Obtained by Baxter in 2005 using an analytic (infinite lattice)
method = the “broken rapidity line” technique of Jimbo et al.

I The spontaneous magnetization is independent of the
rapidities and depends only on the ”universal” parameter k
(or k ′). Hence to calculate Mr for the general model it would
be sufficient to calculate it for the superintegrable model.

I The “superintegrable” chiral Potts model has similarities to
the Ising model (Onsager algebra).

I Question: Is there an algebraic (Ising-like) way of obtaining
Mr for the superintegrable chiral Potts model - may give
insights into the algebraic structure.
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Baxter’s Approach
Consider a lattice of L columns. On each site i there lives a “spin”
σi , with values 0, 1, . . . ,N − 1.
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Figure: The square lattice L turned through 45◦.

Set ω = e2πi/N and define σ = {σ1, σ2, . . . , σL} be the set of L
spins on a row of the lattice. Let vP be the NL-dimensional vector
with entries

(vP)σ = |P; {0}〉= N−1/2
N−1∑
b=0

ω−Pb δ(σ1, b) δ(σ2, b) · · · δ(σL, b)



Hamiltonian
and let Z1, . . . ,ZL and X1, . . . ,XL be matrices (operators)

(Zj)σ,σ′ = ωσj

L∏
m=1

δ(σj , σ
′
j) ,

(Xj)σ,σ′ = δ(σj , σ
′
j + 1)

L∏
m=1,m 6=j

δ(σj , σ
′
j) .

Define two hamiltonians

H0 = −2
L∑

j=1

N−1∑
n=1

Zn
j Z−n

j+1/(1− ω−n)

H1 = −2
L∑

j=1

N−1∑
n=1

X n
j /(1− ω−n)

then
H = H0 + k ′H1



Partition Functions
Define ‘partition functions’

ZP(α) = v †Pe−αHvP

WPQ(α, β) = v †Pe−αHSr e−βHvQ ,

where Q = P + r

(Sr )σ,σ′ = ωrσ1

L∏
j=1

δ(σj , σ
′
j) , for 1 ≤ r ≤ N − 1

and
H = H0 + k ′H1

is the hamiltonian of the superintegrable chiral Potts model.
The spontaneous magnetization is

Mr =
WPQ(α, β)

[ZP(2α)ZQ(2β)]1/2
.

ZP(α) is related to the partition function with fixed-spin boundary
conditions. WPQ(α, β) is similar, but with an extra weight ωrσ1 at
a site C in the central row.



Progress

Reduced Space

Continued operation by H0,H1 on the vector vP (0≤P< N)
generates a space VP of much lower dimension than NL: it is of
dimension 2m, where m = mP = b (N−1)L−P

N c. Label the 2m basis
vectors of VP as ṽs , where

s = {s1, s2, . . . , sm} , si = 0, 1, , κs = s1 + s2 + · · ·+ sm

There are 2m vectors ṽs = ṽ(s1, s2, . . . , sm), each of dimension NL.

Definition of DPQ

WPQ(α, β) = ZP(α)ZQ(β)DPQ .

Baxter expressed DPQ in terms of the basis of the reduced space as
(details see page 5 of the handout)

DPQ =
∑

s

∑
s′

x s1
1 x s2

2 · · · x
sm
m (Sr )s,s′ x

′
1
s′1 x ′2

s′2 · · · x ′m′
s′
m′ .
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Conjecture for DPQ

In early 2009 Baxter conjectured a form for Sr to rewrite

DPQ =
∑

s

∑
s′

y s1
1 y s2

2 · · · y
sm
m

(
As,s′Bs,s′

CsDs′

)
y ′1

s′1y ′2
s′2 · · · y ′m′

s′
m′ ,

the sum being restricted to s, s ′ such that κs = κs′ ; and

As,s′ =
∏

i ∈W

∏
j ∈V ′

(ci − c ′j ) , Bs,s′ =
∏
i ∈V

∏
j ∈W ′

(ci − c ′j ) ,

Cs =
∏

i ∈W

∏
j ∈V

(cj − ci ) , Ds′ =
∏
i ∈V ′

∏
j ∈W ′

(c ′j − c ′i ) ,

in which ci are related to roots wi of the Drinfeld Polynomials by
ci = (1 + wi )/(1− wi ), while V for a given set s is the set of
integers i such that si = 0 and W the set such that si = 1, and
V ′, W ′ are similarly defined for the set s ′. Goto inner Goto hom



Calculation of Sr

The matrix Sr has the following properties:

v †PSr vQ = 1 , Q = P + r ,

H0 Sr − SrH0 = 0 ,

and if
Cr = (H1 Sr − SrH1 + 2rSr )/2N

then
(H1 Cr − CrH1 + 2rCr )/2N = Cr .

Baxter has since proved that his conjecture for Sr satisfies these
relations. The above equations are linear in the elements of Sr ,
and for small n, L ≤ 6 Baxter has verified numerically that the
equations have a unique solution for the elements of Sr . Very
recently, Iorgov et al have prove this result.



Determinantal Form of DPQ

Baxter further conjectured in early 2009 that DPQ is a determinant,

DPQ = det[Im + YBY ′BT ]

where Y and Y ′ are diagonal matrices,

(Y )i ,j = yiδij , (Y ′)i ,j = y ′i δij , Bij =
fi f
′
j

ci − c ′j
.

while B is m ×m′. The constant fi and fj are chosen as

f 2
i =

εai

bi
, f ′i

2
= −

ε a′i
b′i

, ε = ±1 , ai =
m′∏
j=1

(ci − c ′j ),

a′i =
m∏

j=1

(c ′i − cj) , bi =
m∏

j=1,j 6=i

(ci − cj) , b′i =
m′∏

j=1,j 6=i

(c ′i − c ′j ),

so that B is orthogonal in the sense that

BTB = Im′ if m ≥ m′ , BBT = Im if m ≤ m′ .



Recapitulation

I The sl2 algebras [Davies, 1990]

mQ∑
j=0

x−j ,QΛQ
j = 0 ⇒ PQ(z) =

mQ∑
n=0

ΛQ
n zn = ΛQ

mQ

mQ∏
j=1

(z − zj ,Q)

I Define the generators E±j ,Q and Hj ,Q by

x−j ,Q =

mQ∑
`=1

z−j
`,QE−`,Q , x+

j ,Q =

mQ∑
`=1

z−j
`,QE+

`,Q ,

hj ,Q =

mQ∑
`=1

z−j
`,QH`,Q ,

I Loop Algebra → sl2 Algebras

[E+
`,Q ,E

−
n,Q ] = δ`,nH`,Q , [H`,Q ,E

−
n,Q ] = 2δ`,nE

−
`,Q ,

[H`,Q ,E
+
n,Q ] = −2δ`,nE

+
`,Q .
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Generators of sl2 Algebras
We have the explicit form for these generators. We can calculate
the generators E±k,Q acting on vP = |P; {0}〉. E−m,Q |{0}〉=0,

Hm,Q |{0}〉=−|{0}〉, 〈{0}|E+
`,Q =0, 〈{0}|H`,Q =−〈{0}|

Goto Proposition1

〈{0}|E−`,Q = −
βQ
`,0

ΛQ
0

∑
{0≤nj≤N−1}
n1+···+nL=N

〈{nj}|ω
P

j jnj ḠQ({nj}, z`,Q),

E+
k,Q |{0}〉 =

βQ
k,0zk,Q

ΛQ
0

∑
{0≤nj≤N−1}
n1+···+nL=N

ω−
P

j jnj GQ({nj}, zk,Q)|{nj}〉.

in which the polynomials are given as Goto hPQ

GQ({nj}, z) =
m′−1∑
n=0

KnN+Q({nj})zn,

ḠP({nj}, z) =
m−1∑
n=0

K̄nN+P({nj})zn.
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Sums and Generating Functions

Sums
The coefficients of these polynomials are sums given by

K`({nj}) =
∑

{0≤n′
j
≤N−1}

n′
1

+···+n′
L

=`

L∏
j=1

[
nj + n′j

n′j

]
ωn′jNj , Nj =

j−1∑
`=1

n` ,

K̄`({nj}) =
∑

{0≤n′
j
≤N−1}

n′
1

+···+n′
L

=`

L∏
j=1

[
nj + n′j

n′j

]
ωn′j N̄j , N̄j =

L∑
`=j+1

n` ,

where Nj = σ1 − σj and N̄j = σj+1 − σ1.

Generating Function

g({nj}, t) =

(N−1)L−N∑
m=0

Km({nj})tm

ḡ({nj}, t) =

(N−1)L−N∑
m=0

K̄m({nj})tm
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Generating Function G(t, u)

It was shown that g({nj}, t) has simple form

g({nj}, t) = ḡ∗({nj}, t) = (1− tN)L−1
L∏

j=1

(1− tωNj )
−1
,

G(t, u) =
∑

{0≤nj≤N−1}
n1+···+nL=N

ḡ∗({nj}, t)g({nj}, u) =

N(r−1)∑
`=0

N(r−1)∑
k=0

G`,kt`uk

Goto schur where r = m0 = (N − 1)L/N for L multiple of N,

G`,k =
∑

{0≤nj≤N−1}
n1+···+nL=N

K̄`({nj})Kk({nj})

Goto hPQ Goto coeff
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The Eigenvectors of Transfer Matrix

The 2mQ eigenvectors in the Reduced Space

|XQ
s 〉 =

mQ∏
j=1

Rj ,Q

∏
i∈W

E+
i ,Q |{0}〉 , |Y

Q
s 〉 =

mQ∏
j=1

Sj ,Q

∏
i∈W

E+
i ,Q |{0}〉.

TQ(xq, yq)|XQ
s 〉 = ∆Q

s |YQ
s 〉 , T̂Q(yq, xq)|YQ

s 〉 = ∆Q
s |XQ

s 〉

where ∆Q
s denotes the eigenvalues of the transfer matrices.

Matrix Sj ,Q

Sj ,Q = 1
2 (s j ,Q

11 +s j ,Q
22 )1+ 1

2 (s j ,Q
11 −s j ,Q

22 )Hj ,Q +s j ,Q
12 E+

j ,Q +s j ,Q
21 E−j ,Q ,

S−1
j ,Q = 1

2 (s j ,Q
22 +s j ,Q

11 )1+ 1
2 (s j ,Q

22 −s j ,Q
11 )Hj ,Q−s j ,Q

12 E+
j ,Q−s j ,Q

21 E−j ,Q .

The eigenvector corresponding to the maximum eigenvalue is

|YQ
max〉 = |YQ

0 〉 =

mQ∏
j=1

Sj ,Q |{0}〉 , 〈YQ
max | = 〈YQ

0 | = 〈{0}|
mQ∏
j=1

S−1
j ,Q .
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2 (s j ,Q

11 +s j ,Q
22 )1+ 1

2 (s j ,Q
11 −s j ,Q

22 )Hj ,Q +s j ,Q
12 E+

j ,Q +s j ,Q
21 E−j ,Q ,

S−1
j ,Q = 1

2 (s j ,Q
22 +s j ,Q

11 )1+ 1
2 (s j ,Q

22 −s j ,Q
11 )Hj ,Q−s j ,Q
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j ,Q−s j ,Q

21 E−j ,Q .
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|YQ
max〉 = |YQ
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mQ∏
j=1

Sj ,Q |{0}〉 , 〈YQ
max | = 〈YQ

0 | = 〈{0}|
mQ∏
j=1

S−1
j ,Q .
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mQ∏
j=1

S−1
j ,Q

mP∏
j=1

Sj ,P |{0}〉.

We again let m = mP , m′ = mQ , s ′jik = s j ,Q
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Expansion of the Products
We expand the product, and since( k∏

s=1

E+
`s ,P

)
|{0}〉 → |{nj}〉 ,

∑
j

nj = kN,

〈{0}|
( i∏

s=1

E−`s ,P
)
→ 〈{n′j}| ,

∑
j

n′j = iN,

we find terms in the expansion are non-vanishing if and only if the
number of creation and annihilation operators is equal.

〈YQ
0 |Y

P
0 〉=

m′∏
j=1

s ′j11

m∏
j=1

s j
22

[
1+

m′∑
j=1

m∑
`=1

y ′j y`〈{0}|E−j ,QE+
`,P |{0}〉+· · ·

+
∑
· · ·
∑

j1≤···≤jn

∑
· · ·
∑

`1≤···≤`n

(y`1 · · ·y`n)(y ′j1 · · ·y
′
jn)〈{0}|

n∏
s=1

E−js ,Q

n∏
s=1

E+
`s ,P
|{0}〉

+ · · ·+ (y1 · · · ym)(y ′1 · · · y ′m′)〈{0}|
m′∏
j=1

E−j ,Q

m∏
`=1

E+
`,P |{0}〉.
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Inner Product of the Maximum Eigenvectors
Let

Wn = (`1, · · · , `n) , W ′
n = (j1, · · · , jn)

then we may rewrite the previous equation as Go to DPQ

〈YQ
0 |Y

P
0 〉 =

m′∏
j=1

s ′j11

m∏
j=1

s j
22

∑
s

∑
s′

(y1)s1(y2)s2 · · · (ym)sm

×〈{0}|
∏

i∈W ′n

E−i ,Q
∏

j∈Wn

E+
j ,P |{0}〉(y

′
1)s′1(y ′2)s′2 · · · (y ′m′)

s′
m′ .

Similarly for P ↔ Q we have

〈YP
0 |Y

Q
0 〉 =

m∏
j=1

s j
11

m′∏
j=1

s ′j22

∑
s

∑
s′

(ŷ1)s1(ŷ2)s2 · · · (ŷ)sm
m

×〈{0}|
∏

j∈Wn

E−j ,P
∏

i∈W ′n

E+
i ,Q |{0}〉(ŷ

′
1)s′1(ŷ ′2)s′2 · · · (ŷ ′m′)

s′
m′ ,

where

yj = s j
12/s

j
22 → ŷ ′j = s ′j12/s

′j
22 , y ′j = −s ′j21/s

′j
11 → ŷj = −s j

21/s
j
11.
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s′
m′ ,

where

yj = s j
12/s

j
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Homogeneous case with p′ = p
Since µp = 1/µp′ we have µp = 1. Setting λp = µN

p = 1 in the
equations for sij which are in Appendix C of paper II, we find

ŷj = −zjyj , ŷ ′j = (−z ′j )
−1y ′j .

Relating to the Variables of Baxter’s

Let wj = 1/zj so that cj = −(1 + zj)/(1− zj) and

λj =
√

1 + k ′2 + 2k ′(1 + zj)/(1− zj)

we find

yj =
λj − 1 + k ′

k ′ + 1 + λj
= −y ′Bj , y ′j = −

λ′j − 1− k ′

1 + λ′j − k ′
= −yB

j .

and

s j ,P
11 s j ,P

22 =
(λj + 1)2 − k ′2

4λj

which is the inverse of ZP in (Baxter.IV.3.38), as should be.



Proposition

Comparing with the sum of Baxter, Go to inner we need to have

〈{0}|
∏

i∈W ′n

E−i ,Q
∏

j∈Wn

E+
j ,P |{0}〉=〈{0}|

∏
j∈Wn

zjE
−
j ,P

∏
i∈W ′n

z ′−1
i E+

i ,Q |{0}〉∝
As,s′Bs,s′

CsDs′
.

Proposition for P ≥ Q

We shall prove by induction the following

〈{0}|
∏

i∈W ′n

E−i ,Q
∏

j∈Wn

E+
j ,P |{0}〉 =

Ās,s′B̄s,s′

C̄sD̄s′

Ās,s′ =
∏

i ∈Wn

∏
j ∈V ′n

(zi − z ′j ) , B̄s,s′ =
∏

i ∈W ′n

∏
j ∈V ′n

(z ′i − zj) ,

C̄s =
∏

i ∈Wn

∏
j ∈Vn

(zi − zi ) , D̄s′ =
∏

i ∈W ′n

∏
j ∈V ′n

(z ′i − z ′j ) ,
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Proof of Proposition by Induction:

Step 1: n = 1

We shall first try to prove it for n = 1. Goto EE Goto ee1

〈{0}|E−j ,QE+
`,P |{0}〉=−

βQ
j ,0β

P
`,0z`

ΛQ
0 ΛP

0

∑
{0≤nj≤N−1}
n1+···+nL=N

ḠQ({nj}, z ′j )GP({nj}, z`).

Define the function

hQ,P(z ′k , z) ≡
∑

{0≤nj≤N−1}
n1+···+nL=N

ḠQ({nj}, z ′k)GP({nj}, z).

Goto EE

hQ,P(z ′k , z) =
m′−1∑
`=0

m−1∑
j=0

z ′`k z j
∑

{0≤nj≤N−1}
n1+···+nL=N

K̄`N+Q({nj})KjN+P({nj})
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Conjecture on the Coefficients of G(t, u)

Symmetry
Goto Gtu

hQ,P(z ′k , z) =
m′−1∑
`=0

m−1∑
j=0

z ′`k z jG`N+Q,jN+P

=
m′−1∑
`=0

m−1∑
j=0

z ′`k z jGjN+P,`N+Q = hP,Q(z , z ′k)

due to G`,k = Gk,`. Goto Gtu Goto Proofn1

Conjecture

If ΛQ
` and ΛP

` denote the coefficients of the polynomial PQ(z) and
PP(z), then for P ≥ Q we have Goto pf(qq)

G`N+Q,jN+P = GjN+P,`N+Q =

=

j∑
n=0

[(j − n + 1)ΛQ
n ΛP

`+1+j−n − (n − `)ΛQ
`+1+j−nΛP

n ].
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Proof for P = Q for the Coefficients of G(t, u)

G`N+Q,jN+P ≡
∑

{0≤nj≤N−1}P
nj =N

K̄`N+Q({nj})KjN+P({nj})

=
∑

{0≤λj ,nj ,n
′
j
≤N−1}P

nj =N,
P

n′
j
=`N+Q,

P
λj =jN+P

L∏
j=1

[
n′j + nj

nj

][
nj + λj

nj

]
ωnj (N

′
j +b̄j ) b̄j =

∑
i>j

λi

µj = nj + n′j

=
∑

{0≤λj ,nj ,n
′
j
≤N−1}P

nj =N,
P
µj =`N+N+Q,

P
λj =jN+P

L∏
j=1

[
µj

nj

][
nj + λj

nj

]
ωnj (aj−Nj +b̄j )

aj =
∑
i<j

λi , Nj =
∑
i<j

ni
=

∑
{0≤µj≤N−1}P
µj =(`+1)N+Q

∑
{0≤λj≤N−1}P

λj =jN+P

IN({µj}; {λj}).

Im({µj}; {λj}) ≡
∑

{0≤nj≤N−1}
n1+···+nL=m

L∏
j=1

[
µj

nj

][
nj + λj

nj

]
ωnj (aj−Nj )+nj b̄j .
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nj =N

K̄`N+Q({nj})KjN+P({nj})

=
∑

{0≤λj ,nj ,n
′
j
≤N−1}P

nj =N,
P

n′
j
=`N+Q,

P
λj =jN+P

L∏
j=1

[
n′j + nj

nj
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nj + λj

nj
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ωnj (N
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j +b̄j ) b̄j =
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µj

nj
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nj + λj

nj
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ωnj (aj−Nj +b̄j )
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λi , Nj =
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i<j
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Identity for P = Q
For aL+1 =

∑
µj = (`+ 1)N + Q and b̄0 =

∑
λj = jN + P, we

find from (III.28),(III.33) and (III.34) in paper III the relation

aL+1∑
n=0

(−1)nωn2In({µj}; {λj})tn = (ω
1
2

+Pt;ω)N−P+Q

×(1 + tN)`−j
b̄0∑

n=0

(−1)nωn2 Īn({λj}; {µj})tn,

where Goto difficulty

Īn({λj}; {µj}) =
∑

{0≤nj≤N−1}
n1+···+nL=n

L∏
j=1

[
λj

nj

][
nj + µj

nj

]
ωnj (b̄j−N̄j )+njaj .

By equating the coefficients of tn on both sides of this equation,
we relate the sums In and Īn. For P = Q, we find

IN({µj}; {λj}) = (`− j + 1) + ĪN({λj}; {µj})



Proof of Conjecture for P = Q

G`N+Q,jN+Q =
∑

{0≤µi≤N−1}P
µi =(`+1)N+Q

∑
{0≤λi≤N−1}P

λi =jN+Q

IN({µi}; {λi})

=
∑

{0≤µi≤N−1}P
µi =(`+1)N+Q

∑
{0≤λi≤N−1}P

λi =jN+Q

[(`− j + 1) + ĪN({λi}; {µi})]

= (`− j + 1)ΛQ
`+1ΛQ

j + G`N+N+Q,jN−N+Q

by letting λi = λ′i + ni .

For j = 0, ĪN = 0, we have

G`N+Q,Q = (`+ 1)ΛQ
`+1ΛQ

0

Repeat the process until arriving at G`N+jN+Q,Q , which is given by
the above equation. We find

G`N+Q,jN+Q =

j∑
n=0

(`+ j + 1− 2n)ΛQ
`+1+j−nΛQ

n .

Goto conjecture This proves the conjecture for P = Q.
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[(`− j + 1) + ĪN({λi}; {µi})]

= (`− j + 1)ΛQ
`+1ΛQ

j + G`N+N+Q,jN−N+Q

by letting λi = λ′i + ni . For j = 0, ĪN = 0, we have

G`N+Q,Q = (`+ 1)ΛQ
`+1ΛQ

0

Repeat the process until arriving at G`N+jN+Q,Q , which is given by
the above equation. We find

G`N+Q,jN+Q =

j∑
n=0

(`+ j + 1− 2n)ΛQ
`+1+j−nΛQ

n .

Goto conjecture

This proves the conjecture for P = Q.



Proof of Conjecture for P = Q

G`N+Q,jN+Q =
∑

{0≤µi≤N−1}P
µi =(`+1)N+Q

∑
{0≤λi≤N−1}P

λi =jN+Q

IN({µi}; {λi})

=
∑

{0≤µi≤N−1}P
µi =(`+1)N+Q

∑
{0≤λi≤N−1}P

λi =jN+Q

[(`− j + 1) + ĪN({λi}; {µi})]
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Difficulties for P > Q
Goto IbI For P 6= Q, we still can use that equation to relate In and
Īn and obtain

G`N+Q,jN+P = (`− j)ΛQ
`+1ΛP

j + G`N+N+Q,jN−N+P + UQ,P
`,j

where

UQ,P
`,j =

Q∑
k=0

[
N−P+Q

Q − k

]
ωk2−kP

∑
{0≤µ′j≤N−1}

∑
{0≤λ′j≤N−1}

IP−k({µ′j}; {λ′j})

∑
µ′j = `N + N + Q + P − k ,

∑
λ′j = jN + k

is very complicated. We have checked for different P, Q and N the
following result holds

UQ,P
`,j =

j∑
n=0

ΛQ
n ΛP

`+1+j−n −
j−1∑
n=0

ΛP
n ΛQ

`+1+j−n



Relation with the Cyclic Elementary Polynomials
If f (a) = f (a + N), define

pn =
N∑

a=1

[f (a)]n , hn =
∑∑

· · ·
∑

1≤a1≤a2···≤an≤N

f (a1)f (a1) · · · f (an)

then it is easy to prove

nhn =
n∑

r=1

prhn−r , h0 = 1 , h1 = p1 , 2h2 = p2
1 + p2.

hn can be obtained from pn iteratively.

Goto Gtu

G(t, u) =
∑

{0≤nj≤N−1}
n1+···+nL=N

(1− tN)L−1(1− uN)L−1∏L
j=1(1− tωNj )(1− uω−Nj )

, Nj =
∑
i<j

ni .

Since N1 = 0, we may rewrite this equation as

G(t, u)=
1

(1−t)(1−u)

∑
{Nj}

L∏
j=2

f (Nj), f (a)=
(1−tN)(1−uN)

(1−tωa)(1−uω−a)
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Iteration for the Generating Function G(t, u)
Since 0 ≤ nj = Nj+1 − Nj ≤ N − 1 so that

Nj ≤ Nj+1 ≤ Nj + N − 1

Since NL+1 = N, we also have 0 ≤ N2 ≤ N3 · · · ≤ NL ≤ NL+1 = N.
If n1 = n2 · · · = nj = 0 and 1 ≤ nj+1 ≤ N − 1 for j = 1..L− 2,
then 1 ≤ Nj+1 ≤ Nj+2 · · · ≤ NL ≤ N excluding the case with
Nj+1 = Nj+2 · · · = NL = N. Consequently we find

G(t, u)=
1

(1−t)(1−u)

{ L−2∑
j=0

[f (0)]jhL−1−j − (L− 1)[f (0)]L−1
}

pn+1 =
[(1−tN)(1−uN)]n+1

(n!)2

dn

dtn

dn

dun

N∑
a=1

1

(t−ω−a)(u−ωa)

=
[(1−tN)(1−uN)]n+1

(n!)2

dn

dtn

dn

dun

N(1−uNtN)

(1−ut)(1−tN)(1−uN)
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Proof of Proposition for n = 1
We are fully convinced that the conjecture on the coefficients of
G(t, u) is correct. As a consequence, we can prove all the rest.

Goto hPQ

hQ,P(z ′k , z) =
m′−1∑
`=0

m−1∑
j=0

z ′`k z j
j∑

n=0

[
(j−n+1)ΛQ

n ΛP
`+1+j−n

m′ ≥ m − (n−`)ΛQ
`+1+j−nΛP

n

]
=

m′−1∑
`=0

m−1∑
n=0

m−1∑
j=n

z ′`k z j[(j−n+1)ΛQ
n ΛP

`+1+j−n

j → i = `+ 1 + j − n − (n−`)ΛQ
`+1+j−nΛP

n

]
=

m′−1∑
`=0

m−1∑
n=0

m+`−n∑
i=`+1

(
z ′k
z

)`
z i+n−1

[
(i − `)ΛQ

n ΛP
i − (n−`)ΛQ

i ΛP
n

]
=

m′∑
`=0

m′∑
n=0

m+`−n∑
i=`+1

(
z ′k
z

)`
z i+n−1

[
(i − `)ΛQ

n ΛP
i − (n−`)ΛQ

i ΛP
n

]



Continue1
Split the interval of summation of i into three parts,

[`+ 1,m + `− n]→ [0,m′]− [0, `]− [m + `− n + 1,m′]

hQ,P(z ′k , z) =
m′∑
`=0

(
z ′k
z

)`
[α(z)− β(z)− γ(z)].

m′ = m,m + 1 n↔ i

α(z) =
m′∑

n=0

m′∑
i=0

[(i − `)ΛQ
n ΛP

i − (n − `)ΛQ
i ΛP

n ]z i+n−1 = 0

γ(z) =
m′∑

n=0

m′∑
i=m+`−n+1

[(i − `)ΛQ
n ΛP

i − (n − `)ΛQ
i ΛP

n ]z i+n−1

=
m′∑

n=`+1

m′∑
i=m+`−n+1

[(i − `)ΛQ
n ΛP

i − (n − `)ΛQ
i ΛP

n ]z i+n−1

=
m′∑

i=`+1

m′∑
n=m+`−i+1

[(i − `)ΛQ
n ΛP

i − (i − `)ΛQ
n ΛP

i ]z i+n−1 = 0.

β(z) =
m′∑

n=0

∑̀
i=0

[(i − `)ΛQ
n ΛP

i − (n − `)ΛQ
i ΛP

n ]z i+n−1
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Continue2

hQ,P(z ′k , z) = −
m′∑
`=0

(
z ′k
z

)`
β(z) =

m′∑
n=0

m′∑
i=0

zn+i−1

[
(nΛQ

i ΛP
n

−iΛQ
n ΛP

i )
m′∑
`=i

(
z ′k
z

)`
− (ΛQ

i ΛP
n − ΛQ

n ΛP
i )

m′∑
`=i

`

(
z ′k
z

)`]
.

Using
m∑
`=i

u` =
um+1 − ui

u − 1
,

m∑
`=i

`u`−1 =
d
du

m∑
`=i

u`,

m∑
j=0

ΛP
j z j

k =PP(zk) = 0 ,
m′∑
j=0

ΛQ
j z ′jk =PQ(z ′k) =0,

we find

hQ,P(z ′j , z`) =
z ′jPQ(z`)PP(z ′j )

(z ′j − z`)2
= hP,Q(z`, z

′
j ).



Proposition Proven for n = 1

〈{0}|E−j ,QE+
`,P |{0}〉 = −

βQ
j ,0β

P
`,0z`

ΛQ
0 ΛP

0

hQ,P(z ′j , z`)

= −
βQ

j ,0β
P
`,0z`z

′
jPQ(z`)PP(z ′j )

(z ′j − z`)2ΛQ
0 ΛP

0

From (III.16) and (IV.63) we have

PP(z) = Λm

m∏
k=1

(z − zk), β`,0 = − Λ0

Λmz`

m∏
k=1,k 6=`

1

(z` − zk)
,

PQ(z) = Λ′m

m′∏
k=1

(z − z ′k), β′j ,0 = − Λ′0
Λ′m′z

′
j

m′∏
k=1,k 6=j

1

(z ′j − z ′k)

〈{0}|E−j ,QE+
`,P |{0}〉 =

m′∏
k 6=j ,k=1

(z` − z ′k)

(z ′j − z ′k)

m∏
k 6=`,k=1

(z ′j − zk)

(z` − zk)
.

Goto Proposition This is the proof of the Proposition with one integer

in the sets W1 = {`},W ′
1 = {j} .



Proposition for any n

〈{0}|E−`,PE+
j ,Q |{0}〉 = −(βQ

j ,0β
P
`,0z
′
j/ΛQ

0 ΛP
0 )hP,Q(z`, z

′
j )

= −(βQ
j ,0β

P
`,0z
′
j/ΛQ

0 ΛP
0 )hQ,P(z ′j , z`) = (z ′j/z`)〈{0}|E−j ,QE+

`,P |{0}〉

Preliminaries
Denote

ψn(Wn,W
′
n) = 〈{0}|

∏
j∈W ′n

E−j ,Q
∏

i∈Wn

E+
i ,P |{0}〉

ψ̄n(Wn,W
′
n) = 〈{0}|

∏
i∈Wn

E−i ,P
∏

j∈W ′n

E+
j ,Q |{0}〉

We have shown that for n = 1, the following holds

ψn(Wn,W
′
n) =

Ās,s′B̄s,s′

C̄sD̄s′
,

ψ̄n(Wn,W
′
n) = ψn(Wn,W

′
n)
∏

i∈Wn

z−1
i

∏
j∈W ′n

z ′j

Goto inner
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Proof of Proposition for n + 1

Assume these equations hold for n, we shall prove that it also holds
for n + 1. Consider

ψn+1(Wn+1,W
′
n+1) = 〈{0}|

( ∏
j∈W ′n

E−j ,Q
)
E−`,QE+

k,P

( ∏
i∈Wn

E+
i ,P

)
|{0}〉,

where Wn+1 = {Wn, k} and W ′
n+1 = {W ′

n, `}, so that
Vn+1 = Vn/{k} and V ′n+1 = V ′n/{`}

I Because (E+
j ,P)2 = 0 and (E−j ,Q)2 = 0, we find that

ψn+1(Wn+1,W
′
n+1) = 0 if ` ∈W ′

n or k ∈Wn

(≡z ′` → z ′j for j ∈W ′
n or zk → zi for i ∈Wn).

I ψn+1(Wn+1,W
′
n+1) = 0 if z ′` → zi for i ∈ Vn+1 ( E−`,Q → E−`,P ,

if ` /∈Wn+1 ≡ ` ∈ Vn+1), or if zk = z ′j for j ∈ V ′n+1

I ψn+1(Wn+1,W
′
n+1) = ψn(Wn,W

′
n) if z ′` → zk
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Proof Continued1

ψn+1(Wn+1,W
′
n+1) =

∏
j∈W ′n

z ′` − z ′j
zk − z ′j

∏
j∈Wn

zk − zj

z ′` − zj

∏
j∈Vn+1

z ′` − zj

zk − zj∏
j∈V ′n+1

zk − z ′j
z ′` − z ′j

[
φ(zk)

φ(z ′`)

]
ψn(Wn,W

′
n)

=

[ ∏
j∈V ′n+1

(zk − z ′j )
∏

i∈Wn

∏
j∈V ′n

(zi − z ′j )

/ ∏
i∈Wn

(zi − z ′`)

]
[ ∏

j∈Vn+1

(z ′` − zj)
∏

i∈W ′n

∏
j∈Vn

(z ′i − zj)

/ ∏
i∈W ′n

(z ′i − zk)

]
[ ∏

i∈W ′n

(z ′i − z ′`)

/ ∏
j∈V ′n+1

(z ′` − z ′j )
∏

i∈W ′n

∏
j∈V ′n

(z ′i − z ′j )

]
[ ∏

i∈W ′n

(zi − zk)

/ ∏
j∈Vn+1

(zk − zj)
∏

i∈Wn

∏
j∈Vn

(zi − zj)

][
φ(zk)

φ(z ′`)

]

where φ(z) is a function to be determined.



Proof Continued2
Since the proposition holds for n, we have substituted it into the
above equation. Now using V ′n = {V ′n+1, `}, Wn+1 = {Wn, k}, and

∏
i∈Wn

∏
j∈V ′n

(zi − z ′j )

/ ∏
i∈Wn

(zi − z ′`) =
∏

i∈Wn

∏
j∈V ′n+1

(zi − z ′j ),∏
j∈V ′n+1

(zk − z ′j )
∏

i∈Wn

∏
j∈V ′n+1

(zi − z ′j ) =
∏

i∈Wn+1

∏
j∈V ′n+1

(zi − z ′j )

we find

ψn+1(Wn+1,W
′
n+1)=

∏
i∈Wn+1

∏
j∈V ′n+1

(zi − z ′j )
∏

i∈W ′n+1

∏
j∈Vn+1

(z ′i − zj)

∏
i∈Wn+1

∏
j∈Vn+1

(zi − zj)
∏

i∈W ′n+1

∏
j∈V ′n+1

(z ′i − z ′j )

Since ψn+1 is completely symmetric in the n + 1 variables in Wn+1

and W ′
n+1, we find φ(z) = 1.



Proof for ψ̄
The same procedure works for ψ̄n+1(Wn+1,W

′
n+1), but now

φ(z) = 1/z . Goto psi

〈YQ
0 |Y

P
0 〉 =

m′∏
j=1

s ′j11

m∏
j=1

s j
22 DQP , 〈YP

0 |Y
Q
0 〉 =

m∏
j=1

s j
11

m′∏
j=1

s ′j22 DPQ

where

DQP =
∑

s

∑
s′

(y1)s1(y2)s2 · · · (ym)smψn(Wn,W
′
n)(y ′1)s′1(y ′2)s′2 · · · (y ′m′)

s′
m′ ,

DPQ =
∑

s

∑
s′

(ŷ1)s1(ŷ2)s2 · · · (ŷ)sm
m ψ̄n(Wn,W

′
n)(ŷ ′1)s′1(ŷ ′2)s′2 · · · (ŷ ′m′)

s′
m′

=
∑

s

∑
s′

(ŷ1/z1)s1(ŷ2/z2)s2 · · · (ŷ/zm)sm
m

×ψn(Wn,W
′
n)(z ′1ŷ

′
1)s′1(z ′2ŷ

′
2)s′2 · · · (z ′m′ ŷ ′m′)

s′
m′ = DQP

Goto hom



Identical to Baxter’s Sum
Since c = (z + 1)/(z − 1), we find

zi − z ′j =
−2(ci − c ′j )

(ci − 1)(c ′j − 1)
, z ′i − zj =

−2(c ′i − cj)

(c ′i − 1)(cj − 1)

Ās,s′=
(−2)n(m′−n)As,s′∏

i∈W

(ci−1)m′−n
∏
j∈V ′

(c ′j−1)n
, B̄s,s′=

(2)n(m−n)Bs,s′∏
i∈W ′

(c ′i−1)m−n
∏
j∈V

(cj−1)n
,

C̄s =
(2)n(m−n)Cs∏

i∈W

(ci−1)m−n
∏
j∈V

(cj−1)n
, D̄s′=

(−2)n(m′−n)Ds′∏
i∈W ′

(c ′i−1)m′−n
∏
j∈V ′

(c ′j−1)n
.

Ās,s′B̄s,s′

C̄sD̄s′
=

As,s′Bs,s′

CsDs′

∏
i∈W ′(c

′
i−1)m′−m∏

i∈W (ci−1)m′−m

For m = m′, the factors cancel out; and for m′ = m + 1, it gives
the factors such that the result agrees with Baxter’s.
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