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» It has been now proven that the order parameter can be
written as a sum Dpg. Baxter further conjectured in early
2009 that Dpg is a determinant. In the most recent paper he
proved it. | shall go through his proof here. In this talk, | will
include the verbatim version of his paper or the notes he sent
me. As his English is better than mine, to change the writing
would make it less understandable.
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determinant, but he and Bazhanov have spent some time
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include the verbatim version of his paper or the notes he sent
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would make it less understandable.

» | will talk about how he cracked the determinant. During our
stay in Canberra, Jacques was able to express it as a Fredholm
determinant, but he and Bazhanov have spent some time
trying to solve it, but did not suceed. It is worthwhile to
understand Baxter's method.

» Finally | will discuss many of the other open problems that
remain in the chiral Potts model.
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Ks = S1+ - +Sm, Ky = S;+--+s).
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and W the set such that s; = 1. The set V has m — ks integers,
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Definitions(continue)

H / / / /
Now define a;,...,am,b1,... by and a;,...,a,, by,... b, by
n m
/ / /
ai:H(Ci_Cj)a ai:H(Ci_Cj),
j=1 j=1
m n
_ ) ) ’_ / /
bi= [[ (e—¢). bi= ][ (-¢),
J=Lj#i J=1j#i

and let B be an m by n matrix, and
B’ an n by m matrix, with elements

/
aj ; a,-

4 g%
bi(ci—c)” 7 bi(c—¢)



Definitions(continue)
Now define a;, ..., am, b1,

9

...bmand a,... a), by,... b} by

n

ai:H(Ci_Cj{)a a::H(CI/_CJ)7
= =1
m
bi= [[ (c—q), bi= T[ (¢-¢p.
L Ry

and let B be an m by n matrix, and
B’ an n by m matrix, with elements
/
aj a'
Bj=—"—, Bi=——t—.
Tobi(c—c)’ Y b —q)

Also, define an m by m diagonal matrix Y and an n by n diagonal
matrix Y’ by

Yij = yviby, Yi; = yio;.

Then the determinant mentioned above is

Dmn = Dpg = det[ln + YBY'B,
where [, is the identity matrix of dimension m:



Proof that Rmn = Dmn

Both R, and Dy, are rational functions of ci,...cm, ¢f,...Cp.
They are symmetric, being unchanged by simultaneously permuting
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and the y/. We find that they are identical, for all ¢;,y;, ¢/, y/. The
proof proceeds by recurrence, in the following four steps.
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proof proceeds by recurrence, in the following four steps.

1. Thecase m=1

» Calculation of Ry,: If m =1 then s = {s;} and either s; =0
ors;=1.1fs; =0 W =1, sois W so that we get
Ass = Bs g = Cs = Dy = 1. In the second case,
si=1 W={1}so W ={r}, r=1...,n; while V is empty,
so Bgg = Co =1, while V! ={1,--- ,r—1,r+1,--- ,n}
n n

As,s/: H (Cl_cj{)a Dy = H (CII’_CJ/)

J=1j#r J=1j#r

It follows that n ,

n J—
7?fln — 1+ZY1)/; H c

r=1 J=1,j#r




Proof continued 1

» Calculation of D1,: The RHS of (1.1) is a determinant of
dimension 1, so

n
Din = 1+Y11261r
. 31_)/1 r)/r
- Zb’ (c1 —cl)?’

a) = Hle(q — CJ/), b1 =1
= (g —a) by =]l —¢)
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» Calculation of D1,: The RHS of (1.1) is a determinant of
dimension 1, so

n
Dln = 1+Y11261r

. 31_)/1 r)/r

- Zbl 1—C ’

d; = Hle(q — CJ/), b1 =1

!/ / / /
a=(qg—a) b= HJ lj#r( ) We therefore obtain

n /

n
Din = 1+ZY1}/; H o _d

r=1  j=lj#r "
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2: Degree of the numerator polynomials
Consider R;n and Dy, as functions of ¢p,. They are both rational
functions. We show here that they are both of the form
polynomial of degree (n — 1)
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2: Degree of the numerator polynomials

Consider R;n and Dy, as functions of ¢p,. They are both rational
functions. We show here that they are both of the form

polynomial of degree (n — 1)

bm
» Degree for R,,: First consider the sum R, as a function of
Cm- Each term is plainly a polynomial divided by

bp,. To determine the degree of this polynomial, consider the
behaviour of Ry, when ¢, — co. Then, writing ¢, simply as
c. If me W, then the numerator is proportional to As s/. As
the degree of the numerator is the number of elements of V/,
As st ~ c"5(8)  In the denominator Cs ~ c™ %(5), As

bm ~c™ L Ag g /Cs ~ c""M = c"1/c™L. The degree of
the numerator is therefore at most n — 1.

If m € V, then the numerator is proportional to

Bs o ~ c™ ") so that By o/ Cs ~ ¢c™1/c™ 1. The degree
of the numerator is therefore at most n — 1.
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» Degree for Dp,,: Now consider the determinant D,,, as a
function of ¢;,.
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» Degree for D,,,: Now consider the determinant D,,, as a
function of ¢p,.
At first sight there appear to be poles at ¢, = CJf, coming from
Brmj. However, they are cancelled by the factor a,,. Similarly,
the ones in the element B3} of the matrix B are cancelled by
the factor a}. So there are no poles at ¢, = c;, for any j.
There are poles at ¢, = ¢; (for 1 < i < m) coming from the
b;, b factors in Bjj, Bnj, respectively, so there are simple
poles in each of the rows i and m. This threatens to create a
double pole in the determinant D,,,. However, if ¢, = ¢;, the
rows i and m of the matrix (¢, — ¢;)B are equal and opposite.
By replacing row i by the sum of the two rows (corresponding
to pre-multiplying B by an elementary matrix), we can
eliminate the poles in row i. Hence there is only a single pole
at ¢, = ¢;. The determinant is therefore a polynomial in ¢p,,
divided by bp,.



Degree for D,,, continued

» To determine the degree of this polynomial, consider the
behaviour of D,,, when ¢, = ¢ — 0.

B,-J'Nc_l if i<m, Bj~c" ™ if i=m,
Bj~cif j<m, Bi;~1if j=m.

and hence the orders of the elements of the matrix product
are given by

1 1 1 c 1

1 1 1 c 1
YBY' B ~

1 1 1 c!

Cnfm+1 Cnferl Cnferl ch—m

Since n > m, it follows that D,,, grows at most as
Dmn ~ ¢"~™. The numerator polynomial is therefore of
degree at most n — 1.




Proof continued 4

/
3. The case ¢, = ¢,

» The sum R,,: Consider the case when ¢,, = ¢},.
If me W and ne V’, then from A; ¢ = 0. Similarly, If
m € V and n € W/, then from B & = 0. So the summand is
zero unless either me V.ne V/, orme W,ne W'.
In the first instance, s;, =s,=0(me Vorne V') The
AB/CD factor is the same as if we replace m, n by
m — 1, n— 1, respectively, except for a factor

== 11
—

c
iew ™7 jew

Since ¢, = ¢}, the factors in the product cancel, except for a
sign. There as many elements in W as in W/, so the sign
products also cancel , leaving unity. Thus this contribution is
exactly that obtained by replacing m;nby m—1,n— 1.



Proof continued 5

» The sum R, continued: In the second instance, s, = s, =1
(or me W or ne W'.). This time AB/CD has an extra

factor
I |
- b
c —c ci—¢
jev: T jev ! m

QL

~

so this contribution to the sum is again that obtained by
replacing m,n by m — 1, n — 1, except that now there is an
extra factor yny,. Adding the two contributions, we see that

Rmn = (1 +}/myr,1)Rm—1,n—1 .



Proof continued 6
» The determinant D,,,: Now look at the determinant when
cm = C). Since a,, and a/, both contain the factor
¢m — €, the mth row of B vanishes except for the element

m, n, which is
n—1

Bmn = H H —-q)
j=1
Similarly, the nth row of B’ vanishes except for

m—1 n—1
(e cJ-)/H(cn g
Jj=1 Jj=1
Since ¢ = ¢, we see that B, ,8;, ,, = 1. It follows that
the matrix is block-triangular
o =) 1+ yby’b’
B g) |Imt YBY'B =
same for a//b; 0 L+ Ymyp

where 1,y,b,y’, b’ are the matrices for Dp,_1 ,—1. Hence

Dmv" = (1 +ym_yrly)zjm—l,n—1~
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4. Proof by recurrence

The proof now proceeds by recurrence. Suppose
D(m—1,n—1)=R(m—1,n—1) for all ¢;,c/. Then from the
previous equations it is true that Dy, , = Rm,» when
Cm = c,. By symmetry it is also true for ¢, = cjf forj=1,...,n
Thus Dm.n — Rm,n is zero for all these n values. But from point 2
above, this difference (times bp,) is a polynomial in ¢, of degree
n — 1. The polynomial must therefore vanish identically, so

Rm,n = Dm,n for arbitrary values of cp,.

Since it is true for m = 1, it follows that

Rm,n = Dm,n

for all m, n.
This proves that the determinant is equal to the sum. Next, | will
talk about the calculation of the determinant Dpy.



The expression for Dpg

Dpg = det[l, + YBY'BT]
where Y and Y’ are diagonal matrices,
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while B is m x m’ (notation change n — m'’) Cauchy-like matrix
with elements




The expression for Dpg

Dpg = det[l, + YBY'BT]
where Y and Y’ are diagonal matrices,
(V)ij = vidij, (Yij = yidy,

while B is m x m’ (notation change n — m'’) Cauchy-like matrix
with elements

so that B is orthogonal in the sense that
B"B=1l, iftm>m, BB =1, if m<m'.

If F,F’" are the diagonal matrices with elements F; ; = f;,
F/.=f/ then B=¢FBF ' B = —F'BF 'and & =1.



Alternative form for Dpg
Because B is orthogonal, we can write I, in (1.1) as BB so that

Dpo(a, f) = det[UB'],

where
U = B+ YBY'.

Thus the elements of U are

i 11+ yiy))
Uy = —— 2.
C,'—CJ-
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Because B is orthogonal, we can write I, in (1.1) as BB so that

Dpo(a, f) = det[UB'],

where
U = B+ YBY'.

Thus the elements of U are

i 11+ yiy))
Uy = —— 2.
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Definition of A

I[ ) II (-¢)

1<i<j<m 1<i<j<m’

[T - <)

i=1j=1

A nv(c, ) =



Thecase P> Q, m=m

The simplest case is when m = m’ and all matrices are square.

det(BT)det(B) =1 = Dpgy = det U/detB.



Thecase P> Q, m=m
The simplest case is when m = m’ and all matrices are square.

det(B")det(B) =1 = Dpg = det U/detB.

Cauchy-like matrices
If Ais the m by m matrix with entries

1
Aj = ci—cl’
! J

then it is a Cauchy matrix and its determinant is Ap, m(c, ).
The matrix with elements
_2 k/ f."'j/

i J
is said to be Cauchy-like, and has determinant

m
det B = Apm(32 N [[(—2K £if).
i=1



The determinant of U
For P > Q, m = m’ we have

1+K =X, 1-K-=X
Yi = T Ty Y =

1K+ N T+ k+ X
Thus
1 ;o 2()\,'4-)\;-)
G I KA +K+N)
Also

c—c = (\F =222k



The determinant of U
For P > Q, m = m’ we have

1+K =N, 1-K-X
Yi = =7~y Y =

1— K+ X 1+k’+)\;.'
Thus
1 ;o 2()\,'4-)\;-)
G I KA +K+N)
Also

c—c = (\F =222k
The elements of U are
fi (L + yiv)) — 4K ff]

T g—d T (=K EANA KXY - M)

so U is a Cauchy-like matrix, similar to B. Analogously, its
determinant is

s — 4K f:f!
detU = Amm(XX) Hl T K ALK TN



Order Parameter for m = m’

The f;, f,-’ cancel out of the ratio, leaving

AmmNN) 5 2
Dpo = : :
PO Amm(32,X?) 1;[1 (1=K +N\)(L+K+N)
We have
m m m’
N T T2ym0
Ay (A, X) ] B i=1j=1
| =
A,y (A2, N7) H()\i+)‘j)2 H()‘/+)‘/) (m— m’)ZHR /2N
1<i<j<m 1<i<j<m’
where m
1= 1(A+A)/

R(A) =
[T/, (A +X7)/2



Order Parameter for m = m’ continued

Using

- 4\ - 4\,
Ze=J—>  zo=J]—"0
’ 1_11 TEDY A Hl (1+N)2 -

and
Dpq
Zp2q’

[-A/lr]2 =

we find

en? - RO+ K)TIZ RY)
(M’ ) - R(l—k')Hj,”;lR(A,-)‘

k'



Order Parameter for m = m+ 1
Now consider the case when P > Q and m’ = m + 1, so the
matrices B, U are not square. We have

"y R L

= a2z —k? T 2K

Hence

N+ )2+ A =)
(1+X)2— k2

We see that the factor A\; + )\} again cancels, leaving

1+yy; =

U= ub4+u?,
where U, U2 are matrices with elements
uw —4Kff; )
(Y e N (RS

respectively. Thus U = énT where £, 7 are vectors and
(n); =1}



Consider the vector Bn: it has entries (Bn); = f; F'(c;) where

/ /

w2 () ,,,/
FlO) =2 =2 ey Z=lmmlg=4)
j=1 J j=1 7 J

=F'(c) = 7' +Pp(c)/Pq(c),
where +' is independent of c. Taking the limit ¢ — oo, we obtain

7' = 0. It follows that F’(c) vanishes when c =¢; (i =1,..., m),
so Bn = 0. Consequently, the U®) term is zero, leaving

Dpg = det[UMBT].

We define an m’ by m’ matrix

m’ 2
I N FLORD pi e
T, ’ P ¢ Polc)
2
n’n =Y f =1,
j=1

it follows that BBT = Iy, i.e. Bis a square orthogonal_matrix.



We also extend U() by adding the row n' to form the square
matrix

y® . uv®WBT Yy vWBT Yy
U= =UB" = =
nT nTBT 3Ty 0 1

We see that UBT is an upper-right block triangular matrix and
dettd BT = det UWBT. Using the orthogonality of B,

Dpo = detld/detB.

The square matrices B and U are Cauchy-like, provided we take

fmi1 = —A2,,1/2k’ and then let Ap 41 — 00, so that
B j = —2K'fmi1f! /(X211 — X?) — £/, we obtain

m m



Similarly, all the elements Uf; of U are Cauchy like if now we take
fmi1 = _)‘§n+1/4k/ before letting A1 — 00, so that

Unirj = —4k'fm+16-'/(/\m+1 —MAmpr +1)2 =K% = f

Again using the general formula, we find that

m m’

4K'f,
detl = Dp (N, N) H TSN k,zn'?'-
i=1

Hence

DA (W N) 12 2
Dpg = — .
PO A (02,12 11 (1+ )2 — K7

We now obtain
(M(2)>2 _ Hjll R()‘j)
’ R(L+K)R(1 — k) TI7L RN




Wiener-Hopf factorization

Let ¢, A be two variables related as are ¢;, A;. Noting that
A2 — X2 =2k'(c — ¢), it follows from the definition of R that

ROA)R(=A) = (K/2)"" Pp(c)/Pq(c).

where
m

Pr(c) = [J(c— ) = (c+1)™ Pp(w),

Jj=1

in which

N PR e (1t
- —n
Po(t") =t n§0w <1—w”t>

Using these equations, this can be written as

RA)R(=A) = [K(c+1)/2m ™t Pw(n),



Wiener-Hopf factorizationl
where

W(A) = We(X)/Wq(A),

1—t
=1 P+L)
Welh —|—Zw W —t
These t, w, c are related to )\. In particular,
N, =L (L1—K)P2 =X [1-K+A][1-K -
S+l (LK) =2 1K N 1K =]

The function R(A) is analytic in the RHS and is proportional to
(A/2)"™" when A\ — co. It follows from

K(c+1)—(1+k/)2_)‘2— 1+ K+ A [1+K =)
2 a 4 - 2 2 ’
that

T+ A+ K\ (1— K + 1)@ PN
R(A) = <2> <1—+—k’—|—)\> Wi(A).



where Wiener-Hopf factorization is performed on W(\):
W) = We(W_(A),
and for R(\) >0,

1 (1€ logW())

= /
27i A=A A

log Wi (A) =
—ioco—e
the integration being up a vertical line just to the left of the

imaginary axis. Baxter has also shown that in the limit L — oo,
Wi (A) — 1 for for R(A) > 0. It follows that

Hjl'nzll R()‘j) - nm'—m
7, ROy~ k) [

RO4K) = (14K )™M +HP=Q/N = R(1_k) = (1—k') Q=PI

)

R(1+ k/) (Q*P)/N
R4



Order Parameter

m=m’

/ m /

<M£2)>2 _ R(1+k )Hj;1 72()‘1') =(1- k/z)(P—Q)[N—(P—Q)]/N2
R(1 = k) [TZ1 R(A)

_ (1 _ k/2)r(N—r)/N2 )



Order Parameter

m=m’

/ m /

<M£2)>2 _ R(1+k )Hj;1 72()‘1') =(1- k/z)(P—Q)[N—(P—Q)]/N2
R(1 = k) [TZ1 R(A)

_ (1 _ k/2)r(N—r)/N2 )

m'=m-+1

o2 T RO/ T R(A)
(M$ )) TR+ K)R(L—K)
1 R(1+ k)] (@-PI/N
T R(-K) [R(l _ k’)]
_ (1 o k/2)r(N—r)/N2 ]




Open Questions
» Onsager Algebra

Z a:l:kAk—l = 0, Z (e =R Gk_/ = 0, f(Z) = Z akzk+".

k=—n k=—n k=—n
What are these coefficients a? What is the dimension n?
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Open Questions
» Onsager Algebra

Z Ol:l:kAk—l = 0, Z ozika_/ = 0, f(Z) = Z akzk+"

k=—n k=—n k=—n
What are these coefficients a? What is the dimension n?
» Serre Relation not yet proven for all cases: The identity

In({uiyi AN} = (€= J + 1)+ In({AN ) )
enables us to prove
[[[x5.0- 1.0l X1 @1%1 o] (%1,)"[{0}) = 0
Is there another identity which will enable us to prove the

Serre relation?
» Eigenvectors in

N-1 J
gxu(rikiq, - ,q) NZZ[ } (VR VOO 1V 3)

QO_]]. max

Do we need to know all the eigenvectors |ij>?
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